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1 Introduction 



The existence of Kahler-Einstein metrics on a compact Kahler manifold has been the subject 
of intensive study over the last few decades, following Yau's solution to Calabi's conjecture (see 
|Ya2] . lKu\ . [TTTj . nisi). The Ricci flow, introduced by Richard Hamilton in fHaTHHal] . has 
become one of the most powerful tools in geometric analysis. The Ricci flow preserves the 
Kahlerian property, so it provides a natural flow in Kahler geometry, referred as the Kahler- 
Ricci flow. Using the Kahler-Ricci flow, Cao |Caj gave an alternative proof of the existence 
of Kahler-Einstein metrics on a compact Kahler manifold with trivial or negative first Chern 
class. In early 90's, Hamilton and Chow also used the Ricci flow to give another proof of 
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classical uniformization for Riemann surfaces (see |Ha2j . |Chj ) . Recently Perelman |Pej has 
made a major breakthrough in studying the Ricci flow. The convergence of the Kiihler-Ricci 
flow on Kahler-Einstein Fano manifolds was claimed by Perelman and it has been generalized 
to any Kahler manifolds admitting a Kahler-Ricci soliton by the second named author and Zhu 
[TiZhuj ■ Previously, in |ChTij . Chen and the second named author proved that the Kahler-Ricci 
flow converges to a Kahler-Einstein metric if the initial metric is of non-negative bisectional 
curvature. 

However, most projective manifolds do not have a definite or trivial first Chern class. It is a 
natural question to ask if there exist any well-defined canonical metrics on these manifolds or on 
varieties canonically associated to them, i.e., canonical models. Tsuji (Ts! used the Kahler-Ricci 
flow to prove the existence of a canonical singular Kahler-Einstein metric on a minimal projective 
manifold of general type. In this paper, we propose a program of flnding canonical metrics on 
canonical models of projective varieties of positive Kodaira dimension. We also carry out this 
program for minimal algebraic surfaces. To do it, we will study the Kahler-Ricci flow starting 
from any Kahler metrics and show its limiting behavior at time inflnity. 

Let X be an n-dimensional compact Kahler manifold. A Kahler metric can be given by its 
Kahler form uj on X. In local coordinates zi, ...,Zn, we can write co as 



where {gij} is a positive deflnite hermitian matrix function. Consider the Kahler-Ricci flow 



where uj{t, •) is a family of Kahler metrics on X and Ric{u;(t, •)) denotes the Ricci curvature of 
uj{t, •) and ojQ is a given Kahler metrics. If the canonical class Kx of X is ample and ujq represents 
Kx, Cao proved in |(]aj that has a global solution Lo{t, •) for all t > and uj{t, •) converges 
to a Kahler-Einstein metric on X. If Kx is numerically effective (i.e. nef), Tsuji proved in |Tsj 
under additional assumption [ujq] > Kx that (|1.H) has a global solution uj{t,-). This additional 
assumption was removed in |TiZhaj . moreover, if Kx is also big, uj{t, •) converges to a singular 
Kahler-Einstein metric with locally bounded Kahler potentials as t tends to oo (see |TiZha. ) . 
Our problem is to show how uj{t,-) behaves at time inflnity. 

If X is a minimal Kahler surface of non-negative Kodaira dimension, then Kx is numerically 
effective. The Kodaira dimension iy{X) of X is equal to 0, 1, 2. If i'{X) = 0, then a finite cover of 
X is either a K3 surface or a complex torus, then after an appropriate scaling, uj{t, •) converges 
to the unique Calabi-Yau metric in the Kahler class [luq] (cf. |Caj ) . If i^{X) = 2, i.e., X is of 
general type, then uj{t,-) converges to the unique Kahler-Einstein orbifold metric on its canonical 
model as t tends to cxd (see |TiZhaj ). If i^(X) = 1, then X is a minimal elliptic surface and does 
not admit any Kahler-Einstein current which is smooth outside a subvariety. Hence, one does 
not expect that uj{t, ■) converges to a smooth metric outside a subvariety of X. 

In this paper, we study the limiting behavior of uj{t, ■) as t tends to oo in the case that X 
is a minimal elliptic surface. In its sequel, we will extend our results here to higher dimensional 
manifolds, that is, we will study the limiting behavior of (jLlj) when X is a n-dimensional variety 
of Kodaira dimension in (0, n) and with numerically positive Kx- Hence, our first question is to 
identify limiting candidates. Since X is a minimal elliptic surface, there is a holomorphic map 
/ : X I— > S such that Kx = it*L for some ample line bundle L over the curve S. Let S^eg consist 
of all s G S such that /~^(s) is smooth and let Xreg = f~^{'^reg)- For any s £ T^reg, f~^{s) is 



n 
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an elliptic curve. Thus the L^-metric on the moduli of elliptic curves induces a metric ujwp o^i 
Tireg- We Call a metric to canonical if it is smooth on S^eg and extends appropriately to T, and 
satisfies 

Ric{ljj) = —UJ + UJWP^ on Sj-eg. 

Such a metric exists and is unique in a suitable sense. ^ Here is our main result of this paper. 

Theorem 1.1 Let f : X ^ Ti he a minimal elliptic surface of ^{X) = 1 with singular fibres 
Xs'^ = miFi, ... , Xgj, = m^Fk with multiplicity rui £ ISi, i = l,...,k. Then for any initial 
Kdhler metric, the Kdhler-Ricci flow has a global solution uj{t, •) for all time t G [0, oo) 

satisfying: 

1. uj{t, •) converges to f*uJoo G —2itci{X) as currents for a positive current Uqo on S; 

2. Woo is smooth on ^reg and satisfies as currents on S 

^ m - I 

i2ic(u;oo) = -Woo + wvKP + [si], (1-2) 

1=1 

where ojwp the induced Weil-Petersson metric and [si] is the current of integration 
associated to the divisor Si on S, in particular, u)oo is a generalized Kdhler- Einstein metric 

on Yjj'^g , 

3. for any compact subset K G X^eg, there is a constant Ck such that 

- f*^oo\\L^{K) + e*sup||w(t,-)|/-i(s)||L°° < Ck, (1-3) 

moreover, the scalar curvature ofuj{t,-) is uniformly bounded on any compact set of X reg- 

Remark 1.1 We conjecture that uj{t,-) converges to /*Woo in the Gromov-Hausdorff topology 
and in the C°°-topology outside singular fibers. 

An elliptic surface / : X ^ S is an elliptic fibre bundle if it does not admit any singular 
fibre. 

Corollary 1.1 Let f : X ^ T, be an elliptic fibre bundle over a curve S of genus greater 
one. Then the Kdhler-Ricci flow has a global solution with any initial Kdhler metric. 

Furthermore, uj{t, ■) converges with uniformly bounded scalar curvature to the pullback of the 
Kdhler- Einstein metric on S. 



This theorem seems to be the first general convergence result on collapsing of the Kahler-Ricci 
flow. Combining the results in [Ts, TiZhaJ, we give a metric classification for Kaher surfaces 
with an nef canonical line bundle by the Kahler-Ricci flow. 

^Such canonical metrics can be also defined for higher dimensional manifolds. We refer the readers to section 
[^for more details. 
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2 Preliminaries 



2.1 Reduction of the Kahler-Ricci flow 

In this section, we will reduce the Kahler-Ricci flow (|1.H) to a parabolic equation on Kahler 
potentials for any compact Kahler manifold X with its canonical line bundle Kx > 0. Let X be 
an n-dimensional compact Kahler manifold. A Kahler metric can be given by its Kahler form oj 
on X. In local coordinates zi, Zn, can be written in the form of 

n 

uj = \^ ^ gfjdzi A dz-j, 

i,j = ^ 

where {gij} is a positive definite hermitian matrix function. The curvature tensor for g is locally 
given by 

D , A pqdgiqdg-j . 

And the Ricci curvature is given by 



dzidzj 



So its Ricci curvature form is 



Ric{ijj) = ^ Rfjdzi A dzj = — \/^931ogdet(5i^^). 

Let Ka{X) denote the Kahler cone of X, that is, 

Ka{X) = {M G Fi'i(X,R) I M > 0}. 

Suppose that uj[t, •) is a solution of on [0,T). Then its induced equation on Kahler classes 
in Ka{X) is given by the following ordinary differential equation 

« = -2.ci(X)-M 
M|t=o = [wo]- 
It follows 

[uj{t, •)] = -27rci(X) + e-*([wo] + 2^ci(X)). 

Now if we assume that X has semi-positive canonical bundle Kx, then there is a large integer /i 
such that any basis of H^{X, ^Kx) gives rise to an embedding / into a projective space. Recall 
the Kodaira dimension i^{X) of X is defined to be the dimension of the image of this embedding. 
This dimension is in fact independent of choices of the basis and embedding. Moreover, using 
this embedding, one can see easily that there is a positive (1, l)-form x such that f*x represents 
— 27rci(X). Choose the reference Kahler metric uJt by 

u;t = X + e-\iOo-x)- (2.2) 

Here we abuse the notation by identifying x stnd f*x for simplicity. Then the solution of 1)1.11) 
can be written as 

UJ = u!t + V—lddif. 
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We can always choose a smooth volume form Q on X such that Ric{Q) = x- Then the evolution 
for the Kahler potential (p is given by the following initial value problem: 

{ W - n f (2.3) 

The following was proved in [TiZhaj . When > x s-i^d Kx > 0, it was proved by Tsuji in |Tsj . 
It was also proved in |CaLaj under a stronger assumption. 

Theorem 2.1 The Kdhler-Ricci flow \2.^J\) has a global solution for all time t G [0, oo) if Kx is 
nef. 

The evolution equation for the scalar curvature R is given by 

^ = Ai?+|i?ic|2 + i?. (2.4) 
ot 

Then the following proposition is an immediate conclusion from the maximum principle for the 
parabolic equation 1)2. 4|) . 

Proposition 2.1 The scalar curvature along the Kdhler-Ricci flow hl.l]) is uniformly hounded 
from below. 



2.2 Minimal surfaces with positive Kodaira dimension 

An elliptic fibration of a surface X is a proper, connected holomorphic map / : X — > S from X 
to a curve S such that the general fibre is a non-singular elliptic curve. An elliptic surface is a 
surface admitting an elliptic fibration. Any surface X of I'iX) = 1 must be an elliptic surface. 
Such an elliptic surfaces is sometimes called a properly elliptic surface. Since we assume that X 
is minimal, all fibres are free of (— l)-curves. A very simple example is the product of two curves, 
one elliptic and the other of genus > 2. 

Let / : X ^ S be an elliptic surface. The differential df can be viewed as an injection of 
sheaves f*{K-£) —>■ Q^. Its cokernel r^x/s is called the sheaf of relative differentials. In general, 
r^x/E is fei' from being locally free. If some fibre has a multiple component, then df vanishes 
along this component and ^x/T, contains a torsion subsheaf with one-dimensional support. Away 
from the singularities of / we have the following exact sequence 

o^f*{K^)^n],^nx/^^o 

including an isomorphism between r2x/s ^^id Kx ^ f*{K^). We also call the line bundle l^x/s 
the dualizing sheaf of / on X. The following theorem is well-known (cf. Ba HuPeVaj ). 

Theorem 2.2 Let f : X ^ T, be a minimal elliptic surface such that its multiple fibres are 
Xs-^ = miFi, .., Xs^^ = mkFk. Then 

Kx = f*{K^ ® {f*iOxY) ® Ox{Y,i^i - 1)^0' (2-5) 

or 

Kx = f*{L®Ox{Y,{m,-l)Fi), (2.6) 
where L is a line bundle of degree x{Ox) — 2x(Cs) on S. 



5 



Note that deg{f^:iOx)'^ = deg(/*r2x/E) ^ equality holds if and only if / is locally 

trivial. The following invariant 

6{f) = x{Ox) + [2g{^) - 2 + - ;^)) 
determines the Kodaira dimension of X. 

Proposition 2.2 (cf. |BaHuPeVaj l Let f : X ^ T, be a relatively minimal elliptic fibration and 
X be compact. Then = 1 if and only if 6{ f) > 0. 

Kodaira classified all possible singular fibres for /. A fibre Xg is stable if 

1. Xg is reduced, 

2. Xg contains no (— l)-curves, 

3. Xg has only node singularities. 



The only stable singular fibres are of type lb for 6 > 0, therefore such singular fibres are 
particularly interesting. Let Si/Ti = C be the period domain, where Si = {z £ C \ Imz > 0} 
is the upper half plane and Ti = SL(2, Z)/{ibl} is the modular group acting by z ^ The 
j-function gives an isomorphism Si/Ti C with 

1. j{z) = if z = e3^^~^ modular Ti, 

2. j(z) = 1 if z = modular Fi. 

Thus any elliptic surface / : X — > S gives a period map p : T^reg — > Si/Ti. Set J : Tjreg ^ C 
by J(s) = j{p{s)). For a stable fibre Xg of type lb, the functional invariant J has a pole of 

order 6 at s and the monodromy is given by ^ J 1 )' choose a semi-positive (1, l)-form 

X S —27rci{X) to be the pullback of a Kahler form x on the base T, and x = f*X might vanish 
somewhere due to the presence of singular fibres. Then as we discussed in the previous subsection, 
one can reduce the Kahler-Ricci flow to an evolution equation on Kahler potentials. Hence, 
the Kahler-Ricci flow has a global solution and provides a canonical way of deforming any 
given Kahler metric to a canonical metric on the canonical model of minimal elliptic surfaces of 
positive Kodaira dimension. As described in Theorem II. H this canonical metric on E satisfies 
the curvature equation 

k ^ 
iiic[goo) = -Qoo + gwp + 2^ 



=1 * 



It corresponds to (|2.6j) . where the pullback of the Weil-Petersson metric gwp by the period map 
p is the curvature of the dualizing sheaf /*r2x/s aiid the current Yli=i ^m-^ corresponds to 
the residues from the multiple fibres. 
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3 A parabolic Schwarz lemma 

In this section we will establish a parabolic Schwarz lemma for compact Kahler manifolds. This 
is inspired by |Yalj . This will lead us to identify and estimate the collapsing on the vertical 
direction for properly minimal elliptic surfaces and in general certain fibre spaces. It also plays 
a key role in estimating the scalar curvature along the Kahler-Ricci flow. Let f : X ^ Y he a 
non-constant holomorphic mapping between two Kahler manifolds. Suppose dimX = n and the 
Kahler metric uj{t,-) on X is deformed by the following Kahler-Ricci flow (jl.lj) . Then we have 
the following parabolic Schwarz lemma for metrics. 

Theorem 3.1 If the holomorphic bisectional curvature ofY with respect to a fixed Kahler metric 
h^p is bounded from above by a negative constant —K and the Kahler-Ricci flow exists for 

all t e [0,r), then 

rh<^u{t,-) , (3.1) 

where C{t) is a positive function in t dependent on the initial metric u)q and limf^oo C{t) = 1 if 
T = oo. 

Proof Choose normal coordinate systems for g = uj{t,-) on X and h on Y respectively. Let 
u = trg{h) = g'^T f°^ f^h^-j^ and we will calculate the evolution of u. 

Au = g'^Okd^ig'^f^fh^-^) 

where S^^j is the curvature tensor of h^^ and the Laplacian A acts on functions (j) by 

Acp = g'~^didj(^. 

By the definition of u we have 

Au>g'^g'^R,jftfh^-p + Ku'. 

Now 

dt ~ dt^'^i^P_ 

= 9''9'^{RM+9kdftf^h^-, 



1 

9''9''Rkiftf^h^-^ + u, 

- A)u<u- Ku"^. (3.2) 



therefore 



'dt 

Applying the maximal principle, we have 

d 2 

-^Ujnax ^ Umax ~ -f^^max- 

Thus 

1 

Umax{t) < _ 

and it proves the theorem. □ 
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By similar argument as in the proof of Theorem l3.1l one can also derive the following Schwarz 
lemma for volume forms with weaker curvature bounds on the target manifold. 

Theorem 3.2 Suppose dimX = n> diuiY = k. Let x be the Kdhler form on Y with respect to 
the Kdhler metric h^. If Ric{h) < —Kh for some K > Q and the Kdhler-Ricci flow M-l\) exists 
for all t € [0,T), then there exists a constant C > dependent on the initial metric ujq such that 

-_njli:2^ < a (3.3) 

Suppose 2'KCi{X) = — for a Kahler form x o^i i-e- Kx is a semi-positive line bundle 
pulled back from an ample line bundle from Y . Then we can remove the curvature assumption 
on Y . From now on, for convenience, we will write f*x as x- Since ci{X) < 0, by Theorem 12.11 
the Kaher-Ricci flow has long time existence. 

Theorem 3.3 Let f : X ^ Y be a holomorphic fibration such that 27rci(X) = — [f*x] for some 
Kdhler form x on Y . Then the Kdhler-Ricci flow exists for all t G [0, oo) and there exist 

constants vl, C > such that for all (t, z), 

f*x(t,z) < Ccoit, z)e^^^''^^ max {log f e^^^}, (3.4) 

[o,t]xX ev" '^>^uj{s,-)^ 

where $7 is the volume form on X such that Ric{Q) = f*X- 

Proof Let u = g^-' ff' fjXap ^^'^ choose normal coordinates for g and x- We will calculate the 
evolution for log u. Note that A log u = — — ^^^}^ and 

An = g%'^R,jftf^ + /'5^V°./Jx„^ - g'^9''S^-^^^ftfp',fl (3.5) 
Applying the Cauchy-Schwartz inequality, we have 



i,j,a,l3 k I 

i,a k 
j,f3 i,k,a 

Let C be a constant satisfying S^^^^ < CXapX-yS- Then we have 
(|-A)logn 



1-- — -- — - iViiP 

-{-9''g''ftkf!^^jX^ls + 9''9''S-,^-,frfplff + ^) + 1 



u 

< -Cu + l. 
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On the other hand, 



= -tr^{io - ujt) + 

, , dip 
= tr^{ut) + - n. 

Notice that (p is uniformly bounded from above from the equation ^2.[\\ by the maximum prin- 
ciple. Combining the above estimates we have 

(^-A)(logu-2^<^) 

(n-K)t n 

< -2(A- C)^- 2^1og + 2Aip + 2nA + l 

n 

< -Au + 2A log r- h 2Aip + 2nA + 1 

< -^M + 2^1og^ — + CA 

if we choose A sufficiently large. 

Suppose on each time interval [0,t], the maximum oilogu — Aip is achieved at {to,zo), by the 
maximum principle we have 

uito,zo) <2log ^^^_^^^^^J to,zo) 

and 

This completes the proof. □ 



4 Estimates 

In this section, we prove the uniform zeroth order and second order estimate of the potential ip 
along the Kahler-Ricci flow. A gradient estimate is also derived and it gives a uniform bound of 
the scalar curvature. We assume that / : X ^ S is a properly minimal surface over a curve T, 
with singular fibres over A = {si, s^} C S. Let Xg^ = f~^{si) be the corresponding singular 
fibre for z = I, ...,k and [S] = Yli=i[-^s^] = /*(Z^i=i[si]) be the divisor containing all the singular 
fibres. We can always find a hermitian metric h on the line bundle induced by [S] such that 
Ric{h) is a multiple of x- 

4.1 The zeroth order and volume estimates 

We will derive the zeroth order estimates for and 

Lemma 4.1 Let p be a solution of the Kdhler-Ricci flow \2J-!\) . There exists a positive constant 
C depending only on the initial data such that p < C. 
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Proof This is a straightforward appHcation of the maximum principle. Let (pmax{t) = maxx ^{t, ■ 
Applying the maximum principle, we have 

d(Pmax , 1 e^u'^ 

< log — ifmax 

at il 

. , 2x A ((JQ -x) +e~*(a;o - x? 

< log — ifmax 

^ C ^max- 

This gives a uniform upper bound for (p. □ 
Lemma 4.2 There exists a positive constant C depending only on the initial data such that 

Proof Differentiating on both sides of H2.3() we obtain 

where A is the Laplacian operator of the metric g. It can be rewritten as 

and 

(4.3) 

Applying the maximum principle, we have 

for some uniform constant C only depending on the initial data. Hence 



dip ^ e * 
'dt - 1-e 



< —V + C' <C. 



□ 

Lemma 4.3 There exists a positive constant C depending only on the initial data such that 

W\ < C. (4.4) 

Proof It suffices to derive the lower bound for ip. Consider u{t, z) = maxx p{t, •) — p{t, z) > 0. 
Fix 5 > 
we have 



Fix 6 > 0. For any p > 1, since both p and ^ are bounded from above, using equation (jJT 



eP^«(c^2 _ < / eP'^V<C7e-*/ e^"^"u;g. (4.5) 
X Jx Jx 
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Calculate 



X 



—u) A (a; + LOt) 

Jx 



-1 



p6 



aei-^" A 9ei^" A (w + ujt) 

x 



Ix 



p5 



p6 

Combining (|4.5|) and (|4.6)) we obtain 



> ^^4^e-* / 962"" ASet"" Awo- (4.6) 



The Sobolev inequality ||/|||4 < C'H/Hl^i implies that for all p > 1 

We'^Wl,, <C6p\\e'TL.- 

Now we can apply Moser's iteration by successively replacing p by 2^^ and let k — > oo. Then the 
standard argument shows that 

lle-^'llLoc <C||e'5"||ii. 

Then we only need to bound the quantity ||e''"||^i. Note that Aujq — y/—lddu > x + ^~^{^o ~ 
x) + ^J—lddif > if we choose A > sufficiently large. The lemma is proved if we apply the 
following proposition. It is proved by the second named named author in [Til] based on a result 
in Ec 



Proposition 4.1 There exists J > and C depending only on (X, wq) such that 

[ e-^'^uS < C> (4.7) 
Jx 

for all (j) G C'^{X) satisfying loq + \/—ldd(j) > and supx = 0. 

This completes the proof. □ 



Since e*a;^ = est'^'^Q and ||'/'||co is uniformly bounded, from the uniform upper bound for 

at 

at 



^ we conclude that the normalized volume form e^uj"^ is uniformly bounded above and a lower 
bound for it will also give a lower bound for — 



Lemma 4.4 There exist constants Ai > and C > such that for all (t, z) G [0, oo) x X we 
have the following volume estimate 



1k|2Ai < f!^^ < r 



Here h is a fixed hermitian metric equipped on the line bundle induced by the divisor [S] such 
that Ric{h) > is a multiple of x- 
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Proof It suffices to prove tlie lower bound of the volume form ^up-. Notice tfiat log = ^+'^ 

t 2 

and fience tfie evolutions for log and are prescribed by 

(— -A)log^ = ir^(x)-l and (4.8) 

(--A)(^ = tr^(a;t) + Iog^-y^-2. (4.9) 
Combining the above equations, at any point {t, z) we have for A > 

(|-A)(log^ + 2A^-Alog|S|^) 

= 2Atr^{ut) + trM - \tr^{Ric{h)) + 2A\og - 2A^ - (AA + 1) 

> Atr^ujt) + 2Alog + tr^Aujt - \Ric{h)) - C{A + 1) 

t 2 

> Atr^ (wt) + 2 A log ^ -C{A + l) 

t 2 

if we choose A sufficiently large. Suppose on each time interval [0, T], the minimum of log + 
2Aip — A log \ S\f^ is achieved at {to, zq), then by the maximum principle at {tg, zq) we have 

trU^t)ito,zo) < 2\og-^itQ,zo) + C. (4.10) 
But for some A > we have at (to, zq) 



C + 21og— . > tr^{ut) > (-1)^ > {-—)-.{^-^)-. > C{\S\t 



1 



For each 6 > 0, there is the following elementary inequality 

log X <x^ + Cs for all x > 0. 
It follows that at (to, ^^o), we have for some small 5 < ^ 



and by multiplying |S'|^'^'^\ 



(|5ir^^^^^)^<c((|5|f^^)^ + i). 



We have 2 A + ASXi = 2Ai if Ai is chosen by Ai = j^. Therefore \S\l^^-^{to, zo) < C and 



-e^(t,2)> — ^3— 6*^(40, ^o)- 

Both and ^2X1 {to,zo) are uniformly bounded from below, hence the lemma is proved. □ 

\^\h ^ 
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This also shows that there is a uniform lower bound for ^ with at worse log poles near the 
singular fibres. 

Lemma 4.5 There exists a constant C > such that 

^>C{X^log\S\l-l). (4.11) 

Proof We only have to show ^ is uniformly bounded from below. This is obtained by the 
previous lemma and 

dip , e*u;^ 

□ 

4.2 A partial second order estimate 

In this section, we slightly modify the proof of the parabolic Schwarz lemma to derive a partial 
second order estimate. This will imply that along the Kahler-Ricci flow (jLlf) the metric collapses 
along the fiber direction exponentially fast outside the singular fibres. 

Lemma 4.6 (The partial second order estimate) For any 6 > there exists a constant C > 
depending on 6 such that 

trUx) < (4.12) 

Proof By Lemma l4.5| for any 6 > 

\S\^'^ < C. 

Let u = g^-^ fi'fjXap- Following the similar calculation in Section |3J we have 

(|-A)(log|Sp^n-3A(^) 

< -2Au-3A^ +6tr^{Ric{h)) +CA 

< -Au - 3A^ + CA 

ot 

for sufficiently large A. Suppose on each time interval [0, T], the maximum of log |S'P'^m — A(p is 
achieved at (to, 2:0), by the maximum principle we have 

{\S\''u){to,zo) < -3{\S\^'^)ito,zo) + C< C. 

Combining with the uniform bound of \ip\, we can conclude that |S'p''n is uniformly bounded 
and the theorem is proved. □ 

Corollary 4.1 Let Xs be a non- singular fibre for any s £ '^reg- Then along the Kdhler-Ricci 
flow uj decays exponentially fast on Xg- Furthermore if Ag is the Laplacian on Xg with 

respect to too\xs; then there exist constants A2 > and C > such that 

< A.. < (4.13) 
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Proof Applying the partial second order estimate, we have 

< e + As(/? = — . — = — = — 5 — < truj{x) ; — < ioi9x.,/ x 

for some uniform constants C and A2. This proves the corollary. □ 

The partial second-order estimate enables us to derive the following strong partial C°- 
estimate. 

Corollary 4.2 There exists constants A3 > and C > such that for all s G S^eg 

I ■ f I ^ 

I sup 93 — mi ip\ < 



Proof Let 0{s) be the smooth family of standard flat metrics on the elliptic fibres over S^eg 
such that j-^ 9{s) = J-^ ujq for all s G Sreg- Let ^e{s) be the Laplacian of 9{s) on each smooth 
fibre Xg- By Green's formula, we have 

where Gs(-, •) is Green's function with respect to 9{s) and Ag = iufx^xx^ Gs(-, •). Since (Xg, ^(s)) 
is a flat torus, one can easily show that Green's function •) is uniformly bounded below by 
a multiple of Diam^(Xs, 0(s)). However the diameter diam(Xs, ^(s)) might blow up near the 
singular fibres and actually there exists A > such that 

diam(X..9(,))<^^ 

Therefore > — tt^t^tt for some constant C and we have on each smooth fibre X^, 



sup(/7 - inf (/?! < Csup|Ae(s)(/7||S'(s)|;^ 

Xs X., 



2A 



But for some /x > and C > we have 



I A I I A ^0 Xs I I A I '^OAX 

^' 0{s) 0{s)Ax 



Ce 



-t 

X. - \S{s)\\ 



where the last inequality follows from Corollarv 14. II and Lemma 15.41 This completes the proof 
of the corollary. □ 



4.3 Gradient estimates 

Li this section we will adapt the arguments in |ChYaj to obtain a uniform bound for 



^ at 



and 

9 



the scalar curvature R. Let u = ^ + 99 = log . The evolution equation for u is given by 

— = Au + tr^{x). (4.14) 

We will obtain a gradient estimate for u, which will help us bound the scalar curvature from 
below. Note that u is uniformly bounded from above, so we can find a constant ^ > such that 
A-u>l. 
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Theorem 4.1 There exist positive integers X4, A5 and a uniform constant C > such that 

(i) \S\f^Vu\^<C{A-u), 

(ii) -\S\f'^Au<C{A-u), 

where V is the gradient operator with respect to the metric g. 

Proof Standard computation gives the following evolution equations for \Vu\^ and Au: 

- A)|V«|2 = |Vm|2 + (Vtr^(x) • + VtrM ' ^u) - | VVul^ - |VVu|2 (4.15) 

- A)Au = Au + g'^g^'^Rj^jUf^ + AtrM- (4-16) 
On the other hand, VjVj^i = —Rij — Xiji hence 

(— - A)Au = Au- |VVu|2 - g^g^'^XfjUki + AtrM- 
We shall now prove the first inequality. Let 



\Vu\^ 
A — u 



The evolution equation for H is given by 
(|-A)(«-(S 

"l^l'^ ^ + {A-uf (jr^- 

Also 

{^-A)\S\fHrM 

= - A)ir.(x) - A\S\l^HrUx) - (V|5|f ^ • VtrUx) + V|5|f ^ • Vir.(x)) 

and 

Since tr^{x) < C and l^l^ can be considered as functions pulled back from the base, one can 
easily show that 

\v\s\f-\'<c\s\i^--HrM 

and 

\A\S\f-\<C\S\f^-HrM- 
15 



Also note that l-S'l^'^tx is a bounded function on X for any 5 > Q. Calculate 



A-u {A-uf ' ' ^ (A-u) 

d_ 
di 



+(- - A)\S\l'HrUx) + e\S\l'-\VtrM\' + C{e 



"ol'^l/i A 7. ^\'^\h 



2' A-u ' {A-u)^ 

for small e > 0. Similar calculation as in the proof of the Schwarz lemma shows that 

- A)\S\l'HrUx) + e\S\l'^\VtrUx)f < C. 
At any point (io, -^o) H achieves its maximum , by the maximum principle one has V-ff = and 

2' {A-uf^ 



Therefore H(tQ,zo) < C and 

H <C. 

Now we can prove the second inequality by making use of the first one. Let K = \S\f^^ "a-^" 
with An < A — 1. Then maxiC is uniformly bounded below from zero. By standard calculation 

we have 



\s\t 



A-u 



and 



+ [(V|S|^) ■ V(-^) + (V|S|^) . V(-^)] 
(|-A)(K + 3ff) 



A-u "A-u 



< (V(i^ + 3i/).(-^ + M^)+v(K + 3F).(-^ + ^^)) 

r-K|2A5-2^^ 3|e|2As |VV^l' + |VV^P 
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Here we make use of the fact that 



-AtrM < R{]Xij + Ctrlix) 
= -n,-jXij-X-j + C 
< C{\VVu\ + l). 

At any point (to, zq) where H achieves its maximum, by the maximum principle one has V(i^ + 
3H) = and _ 

\S\T^'- A_u (^°'^°)^^- 

Hence K{tQ, zq) < C. Since H is always bounded, one has K{t, z) < C for any {t, z). □ 

By the volume estimate we have the following immediate corollary. 
Corollary 4.3 For any 5 > 0, there exists C > depending on 5 such that 

1. \S\f^+^\Vu\'^ < C, 

2. 5+'^A'u < C. 

Now we are in the position to prove a uniform bound for the scalar curvature. The following 
corollary tells that the Kahler-Ricci will collapse with bounded scalar curvature away from the 
singular fibres. 

Corollary 4.4 Along the Kdher-Ricci flow U.l\) the scalar curvature R is uniformly hounded 
on any compact set of Xreg- More precisely, there exist constants Ae > and C such that 

-C<R<-^. (4.17) 

Proof It suffices to give an upper bound for R by Proposition 12. II Notice that R-j = —u^-j — Xfj 
and then 

R = -Au-trM- 
By Corollarv 14.31 and the partial second order estimate, we have 

C 

R< ^jr-. 

- \s\l'^ 

□ 



It will be interesting to know if sectional curvatures are uniformly bounded on any compact 
set of Xreg- It IS uot expected to be true for higher dimension. For example, we can choose 
X = Xi X X2 where Xi is a Calabi-Yau manifold and X2 is a compact Kahler manifold of 
ci{X2) < 0. We can also choose the initial metric u;o(a;i, X2) = u)i{xi)+ui2{x2) where Ric{uji) = 
and Ric{uJ2) = —uj2- Then along the Kahler-Ricci fiow (|1.1|) . the solution uj{t, •) is given by 

uj{t, xi,X2) = e'*u;i(xi) +uJ2ix2)- 

The bisectional curvature of uJt will blow up along time if the bisectional curvature of uji on Xi 
does not vanish. 
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4.4 The second order estimates 



In this section, we prove a second order estimate for the potential ip along the Kahler-Ricci flow. 

First we will prove a formula which allows us to commute the dd operator and the push-forward 
operator for smooth functions on X. Integrating along each fibre with respect to the initial 
metric wq, we get a function on S: 



Proof It suffices to prove that the push forward and dd are commutative. Let tt : M. ^ B 
be an analytic deformation of a complex manifold Mq = 7r~^(0). Choose a sufficiently small 

neighborhood /S. <Z B such that = 7r~-^(A) = UA x Ui with local coordinates {z\, 

where 2* is the coordinate on Ui and t on A. Now choose any test function C, oivB with supp^ C A 

and a partition of unity pi with supppj C A x C/j. Let ipi = pi^p. We calculate 




This can be considered as a push-forward of ip. 



Lemma 4.7 Let (p be a smooth function defined on X, then we have 




(4.18) 



/ c,ddip 



Auj = 



A (piUJ 



[ ddaY^ [ ^ri^) 

J A ^ JUi 



J Ma 




On the other hand side we have 




J A ~^ JUi J A JMt 



[ C(V /" dd^iAu;) = [ a[ ddipAu) 



Therefore 




for any testing function / and hence 



dd 




□ 



Lemma 4.8 There exists a constant C > such that 



(- - A)logtr^o('^) < C{tr^{uJo) + 1). 



(4.19) 
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Proof Choose a normal coordinate system for such that g is diagonaHzed. By straightforward 
calculation we have 

- A)tr^,{co) < -tr^,{uj) - d""^ gq^^g^-^ + Ctr,„(a;)tr^K). (4.20) 
It can also be shown that 

\\/tr^^(uj)f = ^g^^gii,k9fj,k 

i,j k 



i k 

< Q:i9u)^(^<rg%u,-\'^^'' 



< tr^,iu;)Y,g''g%ki, 



',k\ 
|2 



k.i 



< tr^^{y,)g^g^T^g-^^g^^-.. (4.21) 



Combined with the above inequalities, the lemma follows by calculating — A) logtr^o(a;). □ 
Lemma 4.9 

A(e*((^ - Tp)) < -trUu^o) + ^-L_trul^ ^o') + 2e*. (4.22) 

Proof Applying equation (|4.18|1 . we have 

A((/?-^) = tr^{{uj - ut) - tr^i—^—- ! ddipAivo) 

vol{As) Jx, 

= 2 - tr^{uJt) - . tr^( / ujAuJo-f oJtAuJo) 

Vol(Xs) Jx^ Jx, 



□ 



Theorem 4.2 (Second order estimates) There exist constants A7, A and C > such that 

Ae* i^-v) {t,z) 54 inf X X [O.T] (1 5|f ^ (^-^))) 

tr^o(w)(t,z) < Ce isi, ^(M) ^c. (4.23) 

Proof Put = IS'lf ^(logtr^o(^) " ^e*((/J - Tp)). We wih apply the maximum principle on the 
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evolution of H. There exists a constant C > such that 

= l^lfH^ - A)(logtr.„(^) - Ae\^ - Ip)) - {VH • -L^ + VH • -L^) 

IVI 912^712 

+ i' |2A. i^ogtrM - Ae\v - ip)) - A{\SC){logtr^,{u) - Ae\^ - Ip)) 

|2A7 VTI012A7 



IVI 912-^712 

+ 1' |2A. (log^^^oM - - Tp)) - A(|5|f ^)(logtr^„(a;) - Ae*(</. - Tp)). 

Notice that 

If up' 
-tr^i wg) < tr^(x)sup(- ° ^ 



If we assume Lemma lOl then e*|5|f ^(^ -^), \S\f'^^^^^ and |5|f ^tr^(/^^ wg) are uniformly 
bounded if A7 is chosen to be sufficiently large. Also we have 

A|5|f ^ < C|5|f 

and 

IV7I CI2A712 

I2A7-2, 



|2A 



for a uniform constant C > 0. Therefore we have 



^ < C\S\i'^-'trUx) 



y|C|2A7 •^|cr|2A7 

< C\S\l'HrUo^o) - A\S\l'HrUu^o) - {VH • -L^ + VH ■ -L^) + CeK 

Pl/i 1*^1/1 



Assume H achieves its maximum at (ioi-^o) 011 [0)^] ^ A^PPlyiiig the maximum principle, we 
have VH(to, zq) = and then 

{|5|f^tr^(u;o)}(to,^o)<Ce*°. 

This implies 

{\S\fHr^,{co)}{to,zo)<C. 
The theorem is proved then by comparing H at any point {t, z) G [0, T] x X and (to, -20) • 

5 Generalized Kahler-Einstein metrics and the Kahler-Ricci flow 

5.1 Limiting metrics on canonical models and Weil-Petersson metrics 

Let X be a smooth projective manifold of dimX = n. Suppose that fJ,Kx is base point free for 
>> 1 and viX) = k with < k < n. Then 

\nKx\ : X ^ X^ C CP^- 
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is a holomorphic map for n >> 1. Fix such fi, we have a holomorphic fibration f : X ^ X^an 
such that ^iKx = f*0{l), where Xcan is the canonical model of X and coincides with X^ for 
H sufficiently large. The abundance conjecture claims that there is such a holomorphic map / 
whenever Kx is nef. If Kx is also big, it was proved by Kawamata. If n = n, X is a minimal 
model of general type with Kx big and nef., the Kahler-Ricci flow deforms any Kahler metric 
onto a unique singular Kahler-Einstein metric on X (see |Tsj . |TiZhaj ). If < ac < n, then for 
a generic fibre Xg, one has fJ-Kxs = f*0{l) for some G N, thus l^Kx^ is trivial and Xs is a 
Calabi-Yau. We can choose x to be a multiple of the Fubini-Study metric of CP^'' restricted on 
Xcan such that f*x G —2ttci{X). Notice that f*x is a smooth semi-positive (1, l)-form on X. 
For simplicity, we sometimes denote it by x- Denote by X^^^ the set of all smooth points s of 
Xcan such that Xg = f~^{s) is a smooth fiber. Put Xj-eg = f'^i^can)- Clearly, it is a smooth 
manifold. 

Lemma 5.1 For any Kdhler class [uj] on X , there is a smooth function tp such that cusF '■ = 
uj + yj—lddil) is a closed semi-flat (l,l)-form in the following sense: the restriction of ujsf to 
each smooth Xg C X^-eg is Ricci flat. 

Proof On each smooth fiber Xg, let a;^ be the restriction of oj to Xg and dy and dy be the 
restriction of d and d to Xg. Then by the Hodge theory, there is a unique function hg on Xg 
defined by 

dydyhg = -dydv logw^-'" 
fx. e'^^u;, = /^^ ug. 

By Yau's solution to the Calabi conjecture, there is a unique ipg to the following Monge- Ampere 
equation 

\ ^r'= (5.2) 

I lxysu;r^ = o. 

Since / is holomorphic, ip{z, s) = ipg{z) is well-defined as a smooth function on X^eg- ^ 
Remark 5.2 The function ■0 extends continuously to each smooth fiber Xg even if s is a singular 

point of Xcan- 

By the Hodge theory, there exists a volume form on X such that \/—ldd logfi = x- Define 

. (5.3) 



^ 1 ,n— ft 



We will show properties of F and examine how F behaves near singular fibers. Define h{z, s) = 
hg{z), then 

F = ^ e-^ > 0. (5.4) 

It follows that F has at most poles along Xcan\Xcan- 

Lemma 5.2 F is the pullback of a function on Xcan- Furthermore, there exists e > such that 

F G L^+'{Xcan)- (5.5) 
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Proof Since x is the puUback from Xcam we have 



Idvdv log VI = ^/-l^v^v logwg;;'' A x'' = 

on each smooth fibre Xg ■ Thus F is constant along each smooth fibre Xg and so it is the pullback 
of a function from Xcan- Now we prove the second statement. 



i' X - r n-K / ^ X /^^5F 



I / 



F'n < c. 



The last inequality holds for sufficiently small e > because F can have at worse pole singulari- 
ties. □ 

There is a canonical hermitian metric on the push-forward of the dualizing sheaf ) ~ 

iUOxY over X^^^. 

Definition 5.1 Let X be a projective manifold of complex dimension n. Suppose its canonical 

line bundle Kx is semi-positive and < «; = ^{X) < n. Let Xcan the canonical model of X 
by pluricanonical maps. We define a canonical hermitian metric hcan on ) 
that for any smooth (n — k, 0)-form r] on a smooth fiber Xg, 

2 vAfjAx^ _ Ixs^^V .... 



SF '^X Jx,^SF 



Now let us recall some facts on the Weil-Petersson metric on the moduli space M. of polarized 

Calabi-Yau manifolds of dimension n — k . Let A" ^ be a universal family of Calabi-Yau 
manifolds. Let (U;ti, ...,tm) be a local holomorphic coordinate chart of Ai, where m = dimA^. 
Then each ^ corresponds to an element i(^) G H^{Xt,Txt) through he Kodaira-Spensor map 
L. The Weil-Petersson metric is defined by the L^-inner product of harmonic forms representing 
classes in H^[Xt,Txf)- In the case of Calabi-Yau manifolds, wc can express it as follows: Let 
be a nonzero holomorphic (n — k, 0)-form on the fibre and be the contraction of ^ 

and Then the Weil-Petersson metric is given by 



^ dti' dty L.^A^ ■ ^^-^^ 

One can also represent uowp as the curvature form of the first Hodge bundle Let ^ be 

a nonzero local holomorphic section of f*^^/'^ and one can define the hermitian metric hwp 
on f^n'^'/li by 

J Xt 

Then the Weil-Petersson metric is given by 

ujwp = Ric{hwp)- (5.9) 
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Lemma 5.3 

Ric{hcan) = C^WP- (5.10) 

Proof Let u = ^^y^ ■ Notice ^ restricted on each fibre Xt is a holomorphic (n — fi:,0)-form and 

^SF 

^ is a Calabi-Yau volume form, therefore u is constant along each fibre and can be considered 
as the puhback of a function on Ai. Then by definition 

ujwp = —V—lddlog / uujgp^ = —y/^dd\ogu, 
Jxt 

where the last equality makes use of the fact that J-^^ ^sf'^ ~ constant. At the same time 

_ vj/ A A — 

Ric{hcan) = -V-l991og— — = -yj -Iddlogu. 

^SF -^X" 

This proves the lemma. □ 

Definition 5.2 (Canonical metrics on Xcan) We define the generalized Kdhler- Einstein met- 
ric u! in the class of — 27r/=KCi(X) on X^^^ with respect to the fibration f : X ^ Xcan by 

Ric{uj) = —uj + ujwp- (5-11) 

In general if X T, is a Calabi-Yau fibration, we can define a generalized Kdhler- Einstein metric 
\oj G 27rci(S) + 27rci(/*17;^/^) by 

Ric{uj) = \uj + uj\YP-, (5-12) 

where A = —1, 0, 1. 

The following theorem is the main result of this section and its proof is essentially due to the 



work of Kolodziej |KdnlKd2j . 

Theorem 5.1 Suppose that X^an is smooth [or has at worst orbifold singularities), then there 
is a unique solution ipoo G PSH(x) H C^{Xcan) of the following equation on Xcan 

ix + y/^ddip)'' = F e'^x^- (5-13) 

Furthermore, u = x + V—^ddipoo is a positive closed current on Xcan- If ^ is smooth on Xcan; 
then the Ricci curvature of u on Xcan is given by 

Ric{uj) = -Xui + ^WP- (5-14) 

In fact, these canonical metrics belong to a class of Kahler metrics which generalize Calabi's 
extremal metrics. Let y be a Kahler manifold of complex dimension n together with a fixed 
closed (l,l)-form 0. Fix a Kahler class [w], denote by /Cj^^] the space of Kahler metrics within the 
same Kahler class, that is, all Kahler metrics of the form u!^p = uj + \/—lddif. One may consider 
the following equation: 

BV^ = 0, (5.15) 

where is defined by 

uj^{V^r) = d{S{io^)-tr^^{9)). (5.16) 
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Clearly, when 6 = 0, ()5.15|) is exactly the equation for Calabi's extremal metrics. For this reason, 
we call a solution of ()5.15|) a generalized extremal metric. If Y does not admit any nontrivial 
holomorphic vector fields, then any generalized extremal metric uj^p satisfies 

where n is the constant given by 

_ n{2TTCi{Y) - [6]) ■ [g;]"-^ 

Moreover, if 27rci(Y) — [9] = X[uj], then any such a metric satisfies 

Ric{uj^) = Xuj^ + 0, 

that is, tOip is a generalized Kahler-Einstein metric. This can be proved by an easy application 
of the Hodge theory. More interestingly, if we take 9 to be the pull-back of uswp by / : ^can 
McY^ then we get back those generalized Kahler-Einstein metrics which arise from limits of the 
Kahler-Ricci flow. 



5.2 Minimal surfaces of general type 

We start with minimal surfaces of general type. Let X^an be the canonical model of a minimal 
surface of general type from the contraction map f : X ^ Xcan- Possibly, Xcan has rational 
singularities oi A—D—E-type by contracting the (— 2)-curves. Since K^an is ample and f*Kcan = 
Kx, we can assume the smooth closed (1, l)-form x = f*X ^ —27rci{X) and x is a Kahler from 
on Xcan- It is shown in |TiZhaj that the Kahler-Ricci flow (|1.H) converges to the canonical metric 
gxE on X, which is the pullback of the smooth orbifold Kahler-Einstein metric on the canonical 
model Xcan, although gxE might vanish along those (— 2)-curves. 

5.3 Minimal elliptic surfaces of Kodaira dimension one 

Now consider minimal elliptic surfaces. From Lemma 15.11 we know that there exists a closed 
semi- flat (1, l)-form ujsf in [^^o]- 

Lemma 5.4 Let F be the function on T, defined by F = 2w^pAx Let B C T, be a small 

disk with center such that all fibres Xs, s / 0, are smooth. There exists a constant C > such 
that 



1. If Xq is of type mlQ, then 



1 2{m-l) 2(m-l) 

-\s\ —<F\b<C\s\ —; (5.17) 



2. If Xq is of type mlb or II, 6 > 0, then 

1 2{m-l) „ 2(m-l) „ 

--\s\ — log |sp < F\b < -C\s\ — log (5.18) 

3. If Xq is of any other type, then 

^<F\b< C. (5.19) 
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Proof Let Y be the fibration of / over B. 



1. If Xq is of type itiIq, we start with a fibration Y = C x B/L, where L = Z + Z • z{w) 
is a holomorphic family of lattices with z being a holomorphic function on B satisfying: 
z{w) = z(0) + const ■ w"^^, w is the coordinate on i?, /i G N. The automorphism of C x B 

given by {c,w) {c + ^^^t;) descends to Y and generates a group action without 

fixed points. We can assume that Y is the quotient of Y by the group action. Therefore lvsf 
is a smooth family of Ricci-flat metrics over B. Choose a local coordinate s on B centered 
around 0, and a covering {Ua} of a neighborhood U of Xq in X by small polydiscs. Since 
the function f*s vanishes to order m along Xq, we can in each Ua choose a holomorphic 
function Wa on Ua as the mth root of f*s, with 

< = 

and on UaCiUf} 



Q/3 



„ 2(m-l) 2(m-l) 

for kap £ {0, 1, m — 1}. On each Ua, ds A ds = m \s\ ™ A dwa- Then |s| m F 

is smooth and bounded away from zero on Y. Thus (|5.17|) is proved. 

2. If Xq is of type lb, 6 > 0, we can assume Y = C x B /L, where 

b 

L = Z + Z ^logs. 

Let 7o be an arc passing through in B and 7 be an arc on X transverse to Xq with / • 7 = 
7o. We also assume that 7 does not pass through any double point of Xq. O = Flosf A x 
is smooth and non-degenerate and so is y along 7. Since F = -ttt-t^^^ , it suffices to 
estimate the function restricted to 7 near Xq. Along 7, wqIx^ pulls back to a metric 

uniformly equivalent to a fixed flat metric u>c, so it suffices to estimate -^^{xs- But 



UJSF " !xs^3F 2irJj^^UJsF 

and Yol{Xs) = J-^ losf a constant independent of s. Therefore there exists a constant 
C such that 

-— log|s|^ <F< -Clog|sp. 

If Xq is of type mlb, b > 0, we start with a fibration f -.Y ^ B, where Y = C x B /L and 
L = Z + Z^^^logu; and w is the coordinate function of i?. So Yq = C*! + ^^2 + ••• + Cmt is 

of type /mfc. The automorphism {c,w) [c,e ^ w) of C x B induces a fibre-preserving 
automorphism of order m on y. Such an automorphism generates a group action on Y 
without fixed points and the quotient of Y has a singular fibre of type mlh. Then by using 
the same arguments for singular fibres of type mlQ, we can prove 1)5. 18() . A fibration of 
type (b > 0) is obtained by taking a quotient of a fibration of type l2b after resolving the 
Ai-singularities. The lattices can be locally written as L = saZ + Zga ^ log s. Then 
the above argument gives the required estimate for F. 



Ixs^c blog\s\ 
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3. If Xq is not of type mlb, 6 > or I^, 6 > 0, it must be of type Iq, II, III, IV, IV*, 
III* or //*. Such a singular fibre is not a stable fiber. By the table of Kodaira (cf. ^Koj), 
the functional invariant J{s) is bounded near and J(0) = or 1. One can write down 
the table of local lattices of periods and the periods are bounded near the singular fibre. 
For example, if Xq is of type //, then Xq is a cuspidal rational curve with J{s) = s^™"''^, 
m G N U {0} in the local normal representation. On each fibre Xg the above fixed flat 
metric loc on C has uniformly bounded area, therefore 

U < 77 < \Xs = -J < ^■ 

^SF Jx, ^SF 

The estimate is then proved by the same argument as that in the previous case. □ 

Lemma 5.5 There is a unique solution ip^o of the following equation on S 

X + V^ddif = Fe'^x (5-20) 

satisfying sup^ \ip\ < C. Furthermore, we have ipoo G C'^(Sreg) H C^^Ereg)- 

Proof This is a corollary of Theorem 15.21 but still we give an elementary proof for the sake of 
completeness. Rewrite equation ()5.2U|) as 

Aip = Fef - 1, (5.21) 

where A is the Laplacian operator with respect to x- We will apply the method of continuity to 
find the solutions of the following equation parameterized by t G [0, 1]: 

A^ = e^(^^^^^+r^-l. (5.22) 

Obviously equation (|5.22j) is solvable for all t G (0, 1]. To solve for t = we need to derive the 
uniform C'^-estimate for iff By the maximum principle, 

sup ipt < sup log < G. 

Sx(0,l] S 

By Lemma 15.41 is bounded for some p > 1, then the standard estimate gives 

ML^^<Ci\\F\\Lr + l)<C. 

The Sobolev embedding theorem implies 

||¥'t||L°° < C 

for t G (0, 1] . With the C° estimate, we can derive the uniform C'^-estimate for (ft by the local 
estimates of the standard theory of linear elliptic PDE due to the fact that A has uniformly 
bounded coefficients. Therefore there exists ipoo G C°°(Sreg) satisfying equation (|5.20j) . 

Now we prove the uniqueness. Suppose there is another solution ip solving ()5.13|) with 
supY: 1^1 < C*. We define 

ipe = (p + elog\S\l 

such that \S\1<1. Then 

Iddiif, - V) = ir^e^^-^ - 1)(X + - ex. 



■\s\ 



h 
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Note that {tp^ - -0 > 0} n (UjXpJ = (j), then 



> 



( i 

Ce. 



ex 



Let e ^ 0, by Fatou's lemma, 



|v^(v?,-V)|'(x + \^5av) = o, 

{<^-V.>o} 

therefore — '0 = on each path connected component oi {ip — ip > 0} . On the other hand, we 
can apply the same argument for ■0^ and it infers that 



If — ip = 0. 



□ 



Corollary 5.1 Let f : X ^ be a minimal elliptic surfac e of i'{X) = 1 with singular fibres 
Xs^ = miFi, ... , Xg^ = m^Fk with multiplicity rrii G'N, i = l,...,k. If (foo is the solution 
in Lemma \5.5l then cjoo = X + V~^dd(poc is a Kdhler form on S and Ricci curvature of lOoc is 
given by the following formula 



Ric{uJoo) 



-Woo + ^SF 



+ E 



ruk 



(5.23) 



where oowp is the induced Weil-Petersson metric and [sj] is the current of integration associated 
to the divisor Si onTi. In particular, if f : X ^ T, has only singular fibres of type tuIq, then Xoo 
is a hyperbolic cone metric on X given by 



Ricixa 



(5.24) 



This tells us that cjoo is canonical in the sense that it is more or less a hyperbolic metric with a 
correction term losf + X^^Li "^"^ [s-i] inherited from the elliptic fibration structure of X. Also 
we notice that the residues only come from multiple fibres. 



6 Convergence 

6.1 Sequential convergence 

In this section we will prove a sequential convergence of the Kahler-Ricci flow to a canonical 
metric on the base S. 

Lemma 6.1 There exist constants Ag and C such that 

2 c 



V ^ 

dt 



(6.1) 
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Proof Put u = ^ + tp and calculate 



dip 



dt 



< 



-Idu f\du f\Lx)Q 



iVii 



2 A Wo 



< |Vn| tr^Q{uj). 



The lemma follows from Theorem I4.2f the second order estimate) , Corollary 14.21 and Theorem 
14.11 fthe gradient estimate) since IV^q^jI can be bounded by tr^f^{uj). 



□ 



We first prove a weak convergence for ^ by picking a sequence. 

Lemma 6.2 There exists a sequence tj such that ^{tj, •) converges to weakly. Thus by Lemma 
16'. il ^{tj, •) converges to in C*^'"^ for any < a < 1 on any compact set of X, 



at 

Proof For any T2 > Ti > and z X we have 



reg- 



'Ti 

Since \ip\co is uniformly bounded on X, we have 

'■^2 dtp 



dt 



{s, z)ds 



< C. 



Choose a countable basis {Ua}a(^A for the topology of X. Then on each Ua, JT^iJu ^'^o)ds 
is uniformly bounded independent of the choice of Ti and T2. Therefore by applying the mean 
value theorem with Ti, T2, T2 — Ti — > cxd, we can show that by passing to a sequence ^{tk,a, •) 

dip 



lim 

fc— ►oo 



dt 



{tk,a, •) — 0. 



By taking the diagonal sequence tj of tk,a, one has for each a G A 
Therefore ^(tj,-) 

converges weakly to on X. 



□ 



Theorem 6.1 There exists a sequence {tj^J^i with tj 00 such that p{tj,-) converges to the 
puHback of a function p^o given by equation H5.ii(J\) uniformly on any compact set of X^eg in the 
sense of C^'^. 

Proof Consider any test function C, G C^{T,reg)- We calculate 

C [2{x + ^dd<p) ^uJQ + 2^/^e^dd{p -p)A{x + V^ddip) 
+e-\i^o - X + V^e'ddiip - p)f] . 



/- t 2 



X 



X 
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Notice that C,dd{ip - A (x + ^f^ddip) = Jxiv- 'f)ddC A (x + ^f^ddip) = and 
Jx 

= / C [e'\u;o - X? + 2V^dd{^ - <f) A {loq - x) + V^e*dd{<p - cp) A V^dd{^ - ^)] 

Jx 

= [ [2{ip-p)V^dd(:A{LOo-x) + e\^-p)dd(:AV^dd{^-p)]+0{e-') 
Jx 



Therefore 



/ 2C(x + A wo = / CeV + C»(e-*)= [ (e'^+^Q + 0{e-^). 

Jx Jx Jx 

Since x + V—lddp sits on the base S and the volume along each smooth fibre given by ujsf is 
the same as that of loq, we have 



I 2ax + ^ddp)AusF= I Ce^^^— 

Jx Jx X^ ^SF 



XAuJsF + 0{e-'). 



So for all ( G C^{T,reg) ) we have 



lim 



2C{x + V-ldd<f)Au;sF 



X 



X X A iOSF 



X A UJSF- 



since ^{tj,-) 0. By taking the convergent subsequent we have 



X + V^ddip, 



X 2x A UJSF 

Notice ip(X) is uniformly bounded since (p is uniformly bounded in C^{X) along the Kahler- 
Ricci flow. Also by the uniqueness of the solution for the equation above, we have proved the 
theorem. □ 



6.2 Uniform convergence 

In this section we will prove a uniform convergence of the Kahlcr-Ricci flow. Since p and p^o 
are both uniformly bounded on X. Therefore for any e >, there exists > with limg_>o = 0, 
such that for any z G ^i=iBr^{pi) and t > we have 

{p - Poo + (^log\S\l){t,z) < -1 and 

{p-p^- €log\S\l){t,z) > 1, 

where Br^{pi) is a geodesic tube centered at the singular fibre Xp^ with radius with respect to 
the metric loq. Suppose the semi-fiat closed form is given hy cosF = ujq + y/—lddpsF and psF 
blows up near the singular fibres. We can always find an approximation pg for psF such that 
is smooth on X and on X \ ^f^QBj.^{pi) 

Pe = PSF- 

We also define uJsF,e = uJo + \/^ddpe- Now we define the twisted difference of p and p^o by 

iIj- = p-p^-e~^Pe + e\og\S\l and (6.2) 
i^t = V-Voo- e-'p, - e log \S\l. (6.3) 
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Lemma 6.3 There exists eg > such that for any < e < eo, there exists Tg > such that for 
and z E X and t > we have 



tp7it,z) < 4e and (6.4) 
V'6^(i,^) > -4e. (6.5) 



Proof The evolution for V'e is given by 

^ = log ^^(Xoo + ^X + e-W. + V^OaC)^ _ ^- + ^i^g |^|2. (6 6) 

Ot Xoo A U)SF 

Since is bounded on X, wc can always choose Ti > sufficiently large such that for t > Ti we 

have ip~{t,z) < — ^ on U^^^^i?,.^ (pj) and e~* ^^^^^^ < e on X \ U^^j^i?re(Pi)- We will discuss in 
two cases for t>Ti. 

1- If V'eTmaxl*) = "^^xi^li^^) = V'e" , ^maa;,t ) > for ah t > Ti. Then Z,nax,t & ^ \ 

U^^iBr^{pi) for all t > Ti. Applying the maximum principle at Zmax,t we have 

-^it,Zmax,t) < {log '■ +elog|5|^}(t,Z^„a;,t) 

= {log ^ . ^-^6 +elog|5|J(i,z^„a:,t) 

r, (Xoo + ex) A + e-*a;|^ iei2i/+ n 

= {log —-ll^e + elog\S\h}{t, Zmax,t) 

Xoo A UJSF 

< -tjj'it, Zmax,t) + log(l + 2e) + e. 
Applying the maximum principle again, we have 

C<4e + 0(e-*). (6.7) 

2. If there exists to ^ 2^1 such that max^gx '07(^0) -2) = {to-, zq) < for some zq € X. 
Assume ti is the first time when max2gx,t<ti "07 -2) = 0r(^i)-2i) > 4e. Then zi G 
X \ U^^j^i?re(Pi) and applying the maximum principle we have 

/-/, N ^ n (Xoo + ex) A + e-*ia;|^ 1012-,/. x 

V'£(ii,2;i) < {log ^ + elog|5|ft}(ii,zi) 

Xoo A 

< log(l + 2e) + e < 4e. 
which contradicts the assumption that '4)~(t\,zi) > 4e. Hence we have 

^7 < 4e. (6.8) 

By the same argument we have 

i^t > -4e. (6.9) 
This completes the proof. □ 

Lemma 6.4 We have the point-wise convergence of ip on Xreg- Namely, for any z G Xreg we 
have 

lim (p{t,z) = (poo{z)- (6.10) 
t— +00 
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Proof By lemma 1^31 we have for t > 



ipoo{t,z) + e\og\S\l{t,z)-Ae < ip{t,z) < ip^{t, z) - elog\S\l{t, z) + 4e. 



(6.11) 



Then the lemma is proved by letting e ^ 0. 

Since we have the uniform zeroth and second order estimates for if away from the singular 
fibres, we derive our main theorem. 

Theorem 6.2 ip converges to the puUback of a function (p^o given by equation \5.1S\) on S 
uniformly on any compact set of X^eg in the sense of C^'^ . 

7 An alternative deformation and large complex structure limits 

Mirror symmetry and the SYZ conjecture make predictions for Calabi-Yau manifolds with "large 
complex structure limit point" (cf. |StYaZaj ) . It is believed that in the large complex structure 
limit, the Ricci-flat metrics should converge in the Gromov-Hausdorff sense to a half-dimensional 
sphere by collapsing a special Lagrangian torus fibration over this sphere. This holds trivially 
for elliptic curves and is proved by Gross and Wilson (cf. |GrWij ) in the case of K3 surfaces. 
The method of the proof is to find a good approximation for the Ricci-flat metrics near the large 
complex structure limit. The approximation metric is obtained by gluing together the Oogrui- 
Vafa metrics near the singular fibres and a semi-flat metric on the regular part of the fibration. 
Such a limit metric of K3 surfaces is McLean's metric. 

In this section, we will apply a deformation for a family of Calabi-Yau metrics and derive 
Mclean's metric jMcj without writing down an accurate approximation metric. Such a deforma- 
tion can be also done in higher dimensions. It will be interesting to have a flow which achieves 
this limit. The large complex structure limit of a K3 surface X can be identified as the mirror 
to the large Kahler limit of X as shown in |GrWij , so we can fix the complex structure on X and 
deform the Kahler class to infinity. Let / : X — > CP^ be an elliptic K3 surface. Let x ^ be 
the pullback of a Kahler form on CP^ and ujq be a Kahler form on X. We construct a reference 
Kahler metric ujt = X + ttoi and [cat] tends to [x] as t ^ 0. We can always scale toi so that the 
volume of each fibre of / with respect to ujt is t. Suppose O is a Ricci-flat volume form on X 
with ddlogQ = 0. Then Yau's proof |Ya2j of Calabi's conjecture yields a unique solution (ft to 
the following Monge- Ampere equation for t € [0,1] 



where Ct = [i^t]^- Therefore we obtain a family of Ricci-flat metrics (jj{t,-) = ujt + —Iddipt- 
The following theorem is the main result of this section. 

Theorem 7.1 Let f : X ^ CP^ be an elliptically fibred K3 surface with 24 singular fibres of 
type Ii. Then the Ricci-flat metrics uj{t,-) converges to the pullback of a Kahler metric uj on 
CP"^ in any compact set of X^-eg in C^'^ as t ^ 0. The Kahler metric on CP^ satisfies the 
equation 



Proof All the estimates can be obtained by the same argument in Section 4 with little modifi- 
cation. It is relatively easy compared to the Kahler-Ricci flow because there is no such a term 




(7.1) 



Ric{oj) = uJwp- 



(7.2) 
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of We apply similar argument Section 6.1 to prove the weak convergence. It is not difficult 
to show that for any test function Q S C^(CP,J;gg) we have 

/ 2ax + ^^^^t)^uJsF= I Q^ + 0{t). 

Jx J X 

By taking the convergent subsequent we have 

X + \/^ddipQ _ VL 

X 2x A ujsF ' 

Since such ipQ with bounded ||(/?o||l°° is unique and we have the 2nd order estimates for ipt, the 
convergence is then uniform and this completes our proof. □ 

This limit metric a) coincides with McLean's metric as obtained by Gross and Wilson [(irrWij . 
Their construction is certainly much more delicate and gives an accurate approximation near the 
singular fibres by the Ooguri-Vafa metrics. Also Mclean's metric is an example of the generalized 
Kahler-Einstein metric defined in Definition 15.21 satisfving 

Ric{ijj) = —Xuj + iowp 

when A = 0. 

8 Generalizations and problems 

8.1 A metric classification for surfaces of non-negative Kodaira dimension 

In this section we will give a metric classification for surfaces of non-negative Kodaira dimension. 
Any surface X with Kx > must be minimal and i^{X) > 0. 

1. When I'iX) = 2, X is a minimal surface of general type and we have the following theorem. 

Theorem 8.1 ITiZhaj If X is a minimal complex surface of general type, then the global 
solution of the Kdhler-Ricci flow converges to a positive current tOoo which descends to the 
Kdhler- Einstein orhifold metric on its canonical model. In particular, lOoo is smooth outside 
finitely many rational curves and has local continuous potential. 

2. When i^{X) = 1, X is a minimal elliptic surface. Theorem 11.11 shows that the Kahler-Ricci 
flow deforms any Kahler metric to a unique generalized Kahler-Einstein metric lo on its 
canonical model Xcan- 

3. When i^{X) = 0, X is a Calabi-Yau surface. The Kahler-Ricci defined in |('aj deforms any 
Kahler metric to a Calabi-Yau metric in the same Kahler class. 

When X is not minimal, the Kahler-Ricci flow Hl.lj) will develop singularities at finite time. Let 
ujQ be the initial Kahler metric and T be the first time such that e~*[a;o] — (1 — e~*)27rci(X) fails 
to be a Kahler class. The Kahler-Ricci flow has a smooth solution uj{t, •) on [0,T) converging 
to a degenerate metric as t tends to T (cf. |TiZhaj . also see |('aLaj ). This degenerate metric 
is actually smooth outside a subvariety C. Such a C is characterized by the condition that 
e~"^[a;o] — (1 — e~^)27rci(X) vanishes along C. This implies that C is a disjoint union of finitely 
many rational curves with self-intersection —1. Then we can blow down these (— l)-curves and 



32 



obtain a complex surface X' and e ^[wq] — (1 — e ^)27rci(X) descends to a Kahler class on X'. 
Choose a Kahler metric lot representing this class and then (1 — e~'^)~^{iOT — e~"^wo) represents 
-2ttci{X). Define 

— e~'^ 1 — 

'^t(-) = -; T^^O + r. TfUJT 

1 — e ^ 1 — e ^ 

and write uj{t,-) = uJt{-) + \/—lddif{t, •), then 93 solves (2.8) on [0,T), moreover, converges 
to a bounded function (/?(T, •) as t tends to T and 9?(T) is smooth outside C. Applying the 
above vanishing property of C (cf. [TiZhaj ) . one can show that ip{T, •) descends to a continuous 
function on X' . We believe that (p{T, •) is actually C^'^. Since ujt is a smooth metric on X' , we 
can consider the flow (2.8) on X' with ip{T, •) as the initial potential. We expect that (2.8) still 
has a unique solution on (0, T') where T' is the first time such that e~*[Li;x'] — (1 — e~*)27rci(X') 
fails to be a Kahler class, hence, has a smooth solution u(t, •) on X' x (0,r'). Either T' 

is 00 or we can repeat the previous procedure and continue the flow After finitely many 

times, we will get a minimal complex surface with non-negative Kodaira dimension. Then the 
flow has a global solution which falls into on the cases described above. In order to complete this, 
one needs to do the following steps: 1. prove an optimal estimate for (p{T, •); 2. prove that the 
flow (2.8) has a unique solution under weaker assumptions on smoothness of initial data ip{T, •). 
Of course, if one can get sufficient regularity in step 1, step 2 follows from the standard theory 
of parabolic equations. We will address these problems in a forthcoming paper. 

8.2 Higher dimension 

In this section, we discuss possible generalizations of Theorem II. II for higher dimension. First, as 
we assumed in Section 5.1, let X be a non-singular variety of dimX = n such that fJ,Kx is base 
point free for sufficiently large. Then the pluricanonical map defines a holomorphic fibration 
f : X ^ Xcan by the linear system \fj,Kx\, where Xcan is the canonical model of X. 

1. If i'{X) = n, Kx is big and nef. Hence X is a minimal variety of general type. The 
Kahler-Ricci flow will deform any Kahler metric to a canonical Kahler-Einstein metric on 
X (cf. ITiZhairKj ^. 

2. If ^{X) = 1, Xcan is a curve. With little modiflcation of the proof, Theorem 11.11 can be 
generalized and the Kahler-Ricci flow will converge. 

3. If 1 < /u(X) < n, the flbration structure of / can be very complicated. A large number of 
the calculations can be carried out as in this paper and we expect the Kahler-Ricci flow 
will converge appropriately to the pullback of a canonical metric Wqo on the Xcan such that 
Ric{ujoo) = -Woo + ^^WP on X°„^. 

When Kx is nef, the Kahler-Ricci flow has long time existence, yet it does not necessarily 
converge, although the abundance conjecture predicts that ^Kx is globally generated for fi 
sufficiently large. Hence, the problem of convergence of the Khler-Ricci flow for nef Kx can be 
considered as the analytic version of the abundance conjecture. If Kx is not nef, the flow will 
develop flnite time singularities. Let ujq be the initial Kahler metric and T the flrst time such 
that e~*[cA;o] ~ ~ e~*)27rci(X) fails to be a Kahler class. The potential (p(T, •) is bounded and 
smooth outside an analytic set of X(cf. |TiZhaj ). Let Xi be the metric completion of uj{T,-). 
We conjecture that this is an analytic variety. It might be a flip of X, or a variety obtained 
by certain standard algebraic procedure. Of course Xi might have singularities and it is not 
clear at all how to develop the notion of a weak Ricci flow on a singular variety. Suppose such 
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a procedure can be achieved and the Kahler-Ricci flow can continue on Xi, then after applying 
the above procedure finitely many times on Xi, X2, Xn, we might have Kxff > and get 
the minimal model of X. 
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